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Integers

Integers are denoted by Z and Z = {...... ,-3.-2.-1.0.1.2.3, ...... }
Operation of addition, substraction and multiplication are binary operation on Z but division

is not a binary operationon Z,e.g. 2and 5 €Z toZ but% zZ.

Divisors:

Let m € Z and n be a non-zero integer then n is defined to be a diviser ofun iff'there

exists an integer p such that m =np .
P is also called a divisor of m.

When n is a divisor of m, we can write %1 , we gan also say that m is an integral
multiple of n.

e The relation divisibility in intezer is not an equivalence relation. It is reflexive ,
transitive but not symmetric

(i) Reflexive:

Since m =m.1 v meZ
=am/m v meZ
(i) Transitive:
If nifny, and, n/p = m/p
= mis divisor of p vV m,npeZ
Since m/n ie.misadivisorofn =3 geZ st n=mp
and n/p ie.nisadivisorofp =3 reZ st p=nr
Now p=nr
=(mq).r



ie. p=ms where s=qreZ
ie. mis divisor of p
ie. mf p
divisibility is not symmetric i.e. if 3 is a divisor of 6 but 6 is not divisor of 2.

Prime and composite integers:

p € Z is said to be prime integer iff its only divisors are £l and. tpie. 12,

+3, 5. 7, ..... etc. are prime integers.

p €Z,1s said to be composite integer iff it can be expressed,as’ product of

two or more prime integers e.g. +4, +6, +8. 19, ..... etegare composite Mmtegers.
e Oand £1 are neither prime nor composite integers.
Divison Algorithm:
If peZ andnis a positive integer, there exists two mtegers q and r, such that
m=nq+r 0<r<n

e For m=ng+r, qandtare knownas “quotient” and remainder respectively, when m

is divided by n, in this‘proeess od'divison, we arein search of a remainder, which is

non-negative as well as lessythan n, such a remainder is always unique.
Greatest Common Diviser :

The greatest common divisor (g.c.d.) of two integers m and n is such a positive

integer d'that

(1) It is common divisor of m and n,
(2) It is divisible by all other common divisors of m and ni.e. if ¢ e Z is any common

divisor of m and n, then c divides d.

If d is the g.c.d. of m and n then we write d = (m,n)



Euclidean Algorithm:
Any two non-zero integers m and n have a greatest common divisor d, such that
d=am+bn a,beZ
Properties:
(1) K(m,n)=(Km,Kn)

2) (m,n)=d, % = m%d

3) (m,n)=d, m=xd , n=yd = (x ”:1
4 (m,n)=1, (p,n)=1 = (mp,n) %\
(5) (m,n)=1, %m , N 7

(6) (m,n)=1, = (m",n)=

Theorem: If p is a prime integer such'tha

then either y or 7 .
my) m, m,

Proof: Let p is not a factor of and m, are relatively prime

)

)

1. m,

by -ar%\:re exists two integers x and y such that
px+my
or m, = pxm, +mm,y (1)
P —

Now (m,m,) = mm,=pg for some g€ Z

then by (1) m, = pxm, + pqy



Similarly we can show that if p is not a factor of m, then % .
1

Generalization of this result, we can show that if p is a prime integer an

then p divides at least one of m .m,.m,....m,.

e The set of all prime integers if infinite
e Every positive integer greater than one has at least o tor.
Congurence modulo n: \
Let a,b e Z and n be a positive i relation

a =b(modn)
is called “a is coggruent b mo n “.It is an equivalence relation.
n
a =b( n & (a—b)
%% < a-b=nk V keZ
& a=b+nk

Theorem: Two integers a and b leave the same remainder, when divided by a positive

integer n, iff a =h(modn).



Proof: Let a € Z, n > Othen by division algorithm there exists ¢,,7 € Z,
a=ngq,+r 0<n=<n (1)
Similarly for be Z, n>0 wehave ¢,,r, €Z as
a=nq, +r 0<r=<n 2)
From (1) and (2), we get

a—-b=n(q,—q,)+(;,—1,)

Where 11 and 12 are remainders when a and b are divided by n. \
Now 7 =r, = a-b=n(q,—q,) \
n
=3 %a -b) %
= a =b(mod n)

*Let a=b(modn) and c odn n
(1) a+c ‘b& (%

) a-— \\

3) = n)

“4) a” = b"(modn), mis a positive integer.

%) am=bm(modn). meZ

(6) a+m=b+m(modn), meZ



Linear congruence and reciprocal:

Let a,b e Z and n be a positive integer, suppose X is some unknown quantity, then
the relation ax = h(mod n) is called linear congruence modulo n and integral value of x lying

between o and n , which satisfies it, is called an “ Incongurent solution” of linear congruence.

Solution of ax =1(mod n) is called “ reciprocal of a modulo n”. Thus reciprocal of an

integer a modulo n exists iff (a,n)=1.

e If (a,n)=d,and d/b,then the linear congruence gx = h(modw) has dincongruent
solutions.

e If x, €Z isasolutionof ax=5b(modn) and x, = x,(modn), then x,is alsoa

solution of given linear congruence.

e The linear congruence ax = b(mod n)has, a solution iff (a,n)/b, (a,n)=d.

Fundamental theorem of arithmetic:

Every positive integer gréater than one can be uniquely expressed as a finite product

of positive primes.

Proof: Let m.be a positive integer greater than 1.Since every positive integer gteater than 1
canibe expressed as finiteyproduct of positive prime integers. So, let m be expressed as two

ways as
M= D.DyPseeeeennn D, (1)
= 41y o], )

N

where p" and ¢" are positive prime integers.

From (1) and (2), p,.p,.-pseceeene. Dy = GGy Gy q, 3)



s

= p11is a factor of at least one ¢"

:Iy
q;

= p, = ¢, because a prime integer can not be a factor of another prime.

say qi

Then from 3),  p,.pyeccceee. P, = 49,954, 9,9, repeating thismethod we'ean
show that p, =gq for i# j.Similarly. p;.p,........ are equal‘to some ¢ ", Thisprocess of

cancellation will continue til one side reduces to 1,now p*,and. g "\being integers the

another side also must be equal to 1.Thus representation of m by (10 and (2) are same

irrespective of the orders of p" and ¢" in which they have written.

Questions :

(1) Find the greatest common divisor 0f23 and 17 respectively and express it in the form
of 23a+17b .

(2) Show‘that m € Zyand n be a positive integer, then m = r(mod n) where r is the
remaifider, when m is divided by n.

3). If Y ma =mb(modn), (m,n)=1, then a = b(mod n)

(4) Show that a* =1(mod 8), when a is an odd integers.

(5) If p is a positive prime integer and a € Z , show that a* = 1(mod p) implies either
a =1(mod p)or.

(6) Find the incongruent solution of

(1) 2x+1=2(mod?8)

(ii) x+20=14(mod5)



(i)  6x=10(mod16)

(iv) 235x =54(mod 7)
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