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Homomorphism:

Let G and G be two groups, then a map from G into G is called group

homomorphism iff
S (ab) = f(a).f (D) Va,beG

¢ A homomorphism f from G into G is called an isomorphism if f iSioneste-one and

represented by G = G.
e A homomorphism of a group G into G itself is called an Endomerphism of G.
e An isomorphism of a group G onto itself is called an automorphism of G:
Theorem: The relation ~ of being isomorphic to in the set of all groups is an equivalence
relation.
Proof: Let G,G. G  .......... be groups.
Reflexive: The identity map L: G = Gis an isomorphism, we have G = G for every
group G.
= the relation ~"iseflexive.
Symmietry:Let'G ~ G , then there exists amap f : G — G which is an onto
1Semotphism.
Thus G = G is bijection, since f is bijection.
Nowdyf ' is a homomorphism, Forif f~'(a¢)=a and f'(b)=b
where a,b €G and a,beG

then f(a)=a and f(b)=b

Therefore [ '(ab)= f"'{f(a)f(b)}

= f'{f(ab)} since fis a homomorphism



=ab
=f@).f®)
Thus f' is an isomorphism which is also onto
Hence GG = G =G
i.e. the relation =~ is symmetric.
Transitive: Let G~G and G ~ G then there exists map ¢:G — G andWy {G%> G which
are isomorphisms.
Therefore goy : G — G is an isomorphism and onto.
Thus GG and G ~G G=~G and = G=~G"
i.e. relation = is transitive.
Hence =~ is equivalence relation.
Kernel of a homomorphism:

If f is a homomorphism ofa,group, G into a group G’ then a set K of all these elements
of G which are mapped ontojthe identity e’ of G’ is called the Kernel of the homomorphism f
i.e. if f is homomorphism of G into G’jithen K is the Kernel of fif

K ={ x €@ (k) =¢’ wheree’ is the identity of G’ }

Normal Subgroup:

AlsubgroupiH of group G is called normal subgroup of G if for every x € G and for
every he Hy xhx™' e H .

From this definition, we conclude that H is a normal subgroup of G iff xtix ' c H VxeG

Every group G have at least two normal subgroups, G itself and the subgroup

consisting of the identity element ‘e’ alone, These are called improper normal subgroups.



Theorem: A subgroup H of a group G is normal if and only if xHx'=H VxeG
Proof: Let xHx'=H VxeG
=xHx'cH VxeG

H is a normal subgroup of G.

Conversely, let H is a normal subgroup of G.

= xHx'cH VxeG oy
Since xeG = x'eG
So x'Hx Y 'cH VxeG
= x'Hxc H VxeG
= x(x’le)x’1 c xHx™ VxeG
= HcxHx' VxeG (2)

with the help of equation (1) and (2) xHx"' =H VaeG.
Theorem: The intersection of anytwo nerxmalsubgroup is a normal subgroup.
Proof: Let H and K be any two nermal subgroups of a group G.
Since H ‘and K are'subgroupsrof G therefore H n K is also subgroup of G.
Let xeGand neHNK
We havefne HAQK ie. neH and nek
Since Huis a normal subgroup of G,
Then for xeG, neH = xnx'eH
Similarly xe G, ne K = xnx'eKk
ie. xnx'eH and xnx'eK = xnx'eHNK
ie forevery xeG , xnx' e HNK wehave xnx'e HNK

Hence H N K is a normal subgroup of G.



Theorem: If N is a normal subgroup of G and H is any subgroup of G, then prove that
NH is a normal subgroup of G.

Proof: Let n/ and be any two elements of NH

Then n,n, e N and h,h,e H
To prove, NH is a subgroup of G, we should prove that (n,/ )(#,4, W e NH
(m,h,)(nyh, )_1 =nhh, 'n,"
= bk, b R
=, [ (h, "y (b, W (A, ™)
Now Nisnormal and n,”' e N, hh,"' € G En(hh, D\ (hh, )" e N
Therefore n, [(hlhz‘l)n{l(hlh[l)‘l:l eN

Since H is a subgroup of G therefore

heH, heH = hh ' e NH
=S [, (k™) | (k™) € NH

Hedce NH is a normal subgroup of G.

Theorem: If fis,a homomorphism of a group G into a group G~ with kernel K, then K is a

normal subgroup of G.

Proof: Let f be a homomorphism of a group G into a group G'. Let e, ¢ be the identities of G
and G’ respectively, If K be the kernel of f then

K={ xeG: fx)=¢ }

Since f(e)=e¢, therefore e K . Thus K is not empty.



Let a,beK,then ab' K, f(b)=¢
So  f(ab™)=f(a)f(b™)
= f(a){f(b)}"

=efe"}!

ie. ab' €K for a,beK

)
therefore K is a subgroup of G. \

Let geG and keK then f(k)=e

So f(gkg ) =f(g)f(k)f(g™)

- f(@e (1) fb
- F(@(f (@) Q’

ie. gkg™ EK‘)r %

Hence K is no %

— G be a group homomorphism, then under f identities and inverse

corresponds i.e.

1 f(e) =e where cand e are the identities of G and G respectively.

(i) f@)=[f@] VaeG

(2) The composition of two homomorphism is also homomorphism.



(3) The intersection of any collection of normal subgroups is itself a normal

subgroup.

(4) Every subgroup of an abelian group is normal.
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