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Module 1: Confocal Conics

1 Confocal Conics

Definition 1.1. Two conics are said to be confocal, if they have the same foci.

The ellipse and hyperbola have two foci each, which are on the principal axes at equal
distances from the centre. Therefore, the confocal conics have common centre and common

principal axes.
To find the equation to conics which are confocal with an given ellipse :
Let the equation of the given ellipse be

=1 (1.1)
The equation to any conic having the same centre and axes as the given ellipse is given by

a? y
Ttp=l (1.2)
The foci of (1.1) are (dae,0) = (£va? — b2,0), where e = ‘/ﬁ is the eccentrlclty of conic.
The foci of (1.2) are (&v/A — B,0). These foci are the same 1f A=B=a*-1,

e, if A—a®> =B -0 = X (say) .. A = a?’+ \,-and B = b? + A\. The equation (1.2) then
becomes % + bQ_i/\ =1.
Hence, the equation of the system of conics confocal to (1.1) is

1‘2 y2

ORI WL TR

—1 (1.3)

where A is a parameter which determines a particular confocal.

1.1 Some Properties of Confocal Conics

(i) Through any given point in the plane of a given conic, two confocals can be drawn, one
of them is an ellipse and other is a hyperbola.2
. . . 2 . . .
Let the equation of the given conic be 7z + % = 1 and let the given point in the plane

conic be (h, k). Any conic confocal with the given conic is

xQ yQ
_1. 1.4
Za T (1.4)

If the conic (1.4) passes through the point (h, k), we have

h? k?

=1. 1.5
PRI W PR (1.5)
Let us put b + X = p; then a? + X\ = a® + p — b* = a®e¢* + p. The equation (1.5) then
becomes
h? k? ]
aze? + p * w7



which on simplifying gives
p? + (a*e* — B — E*)p — a*e*k* = 0 (1.6)

The discriminant of above quadratic (in p) = (a?e¢? — h? — k%)? + 4a?e?k* > 0, which
implies that the equation (1.6) has real roots, say u; and ps. This gives two values of A,

say A1 and Ay, corresponding to which we have two confocals given by (1.4) through the
point (h, k).
Now, in equation (1.6), the product of roots = s = —a?e*k?* < 0, which means one

value of ;1 and the other is positive. The two values of b* 4+ \ are therefore, one positive
and the other negative.

Again, let us put a®> + A = n; then b + X = b> + 1 — a®> = n — a®¢%. The equation (1.5)
then gives

P — (@26 + h2 + k) + a2e*h? = 0
Let 7, and 7, be the roots of the above equation, then n; + 17, = (a?e* + h% + k?) > 0

and 7112 = a?e?h? > 0. This implies that both the roots, 1, and 7y, must be positive.
Therefore, the two values of a? + \ are positive.

On substituting in (1.4) we thus obtain two confocals, of which one is an ellipse and the
other a hyperbola.

Alternative approach:
The equation (1.5) can be written as ~ h%(b? + \) + k*(@® +A) = (a® + \)(V* + N).

F) = (a® + N (B + X)) — h*(b* + N~ E*(a®> +X) =0

The above equation is a quadratic in A, so there will be two values of X\. Therefore, there
are two confocal conics which pass through the given point (h, k).

Now, we observe (assuming a > b) that

lim f(A\) = +oo, f(—a®) = —h*(*—a®) > 0, f(—b*) = —k*(a*~b*) < 0, lim f()\) = +o0
A——00 A—r+00
By intermediate value property, the equation f(A = 0), has two real roots A\; and Ay such
that
—a® < M\ < =b* < N

When A = A\, a® + \; is positive but b* + ); is negative, and hence the equation (1.4)
represents a hyperbola. For A = Ay, both a? + Xy and b* + )\, are positive, therefore, the
confocal (1.4) represents an ellipse.

Two confocal conics cut each other at right angles.
Let the two confocals conics are

sz y2 CUQ y2
=1 and =1
O W TR Wi PR WL IR W

and let they cut each other at the point (h, k).

Now, the equation of tangents to the confocals at (h, k) are

xh yk xh yk
Py W CIry R IS WL O W

1.

These tangents cut each other at right angles, if the product of their slopes is —1,
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(i)

. : ___h b2+)\1 __h b2+>\2 _
i.e., if < pr et el IR T ) =1

h2 /{22
(@A) (@ +22) | (B A+ ) =0 (1.7)

But, since (h, k) is a common point of the two confocals, we have

i.e., if

L P R
IS WL IS VB RS VL CINES V.

Subtracting these, we have (A — A2) [(
have

h? k2 .
a?4+A1)(a?+A2) + (B2421)(B2+X2) | — 0. But /\1 7& )\2, we

h? k?

@@+ T A A (18)

Since the condition in (1.7) is thus satisfied by the virtue of (1.8), confocals cut each
other at right angle.

One and only one conic, confocal with an ellipse, can be drawn to touch a given straight
line.
Let the given straight line be

lx +my =n. (1.9)

The system of confocals to the ellipse Z’—; + Z—j =1 is given by

72 Y2
=1 1.1
P O I S (1.10)
where A is a parameter. The equation of a tangent at (h, k) to (1.10) is
xh yk
=1 1.11
PN S P (L1

Now, the line (1.9) touches a member of (1.10) at (h, k) if the equations (1.9) and (1.11)

are identical, that is,
l(a*>+ X)) m(*+ N

—_= =N

h k

which gives
2 2
W@ e
n n

But the point (h, k) lies on conic (1.10), so we have

h? k?

_1
Zir A

Substituting the values of h and k from above in the last equation, we get
P(a® + \) +m?(b* + \) = n?. (1.12)

This is a linear equation in A, so we get one and only value of A\. Hence only one conic
from the system of confocal will touch the given line.

*Note: Equation (1.12) gives the condition that the straight line (1.9) will touch
a conic of the form (1.10).



(iv)

The difference of the squares of the perpendiculars drawn form the centre on any two
parallel tangents to two given confocals is constant.

Let the two given confocals be

332 y2 1.2 y2
_ 1 and —1
PENTS W PR S B WD IS W

and the two parallel tangents to these confocals be y = mx + ¢; and y = maz + ¢,
respectively.

By the condition of tangency in (1.12), we have
m*(a®> 4+ \) 4+ (0 + M) =cf and m*(a® 4+ N\g) + (B2 + \2) = c3 (1.13)

Now, if p; and ps be the lengths of perpendiculars from the centre to the tangents, then

2 C% 2 C%
pr= 1+ m? and - p; = 1+ m? (1.14)
Using (1.13) and (1.14), we get
2 2 C% - C%
p] — Py = L m? = A — Ay = a constant. (1.15)

The locus of a point from which two perpendicular tangents can be drawn one to each of
two given confocals is a circle.
Or, The point of intersection of two-perpendicular tangent lines one to each of two given
confocal conics lies on a circle.

Let the two given confocals be

$2 y2 .I’Q y2
+ =1 and + =1,
CLQ+>\1 b2+/\1 a2—|—)\2 b2+)\2

and the two perpendicular tangents to these confocals be y = mx 4+ ¢ and my + = = d,
respectively.

By the condition of tangency in (1.12), we have
m*(a®> 4+ M)+ (D + M) = and  (a® + X)) + m* (b + \y) = d°. (1.16)

Therefore, the equation of perpendicular tangents are

y=mz+y/m2(a2+ )+ 02+ A1) and my+x = /(a2 + ) +m2(b2 + \y). (1.17)

For the locus of the point of intersection of these tangent lines, we have to eliminate m
between them. Squaring and adding these equations, we have

(y —mz)* + (my + 2)* = m*(a® + A1) + (0% + M) + (@ + o) + m? (B> + A)

which gives (1 +m?)(2? + y?) = (1 + m?)(a® + b* + A\ + A2).

Therefore, the required locus is 2?2 + y? = a? + b + A\; + Ay, which is a circle.



(vi) The locus of the pole of a given straight line with respect to a system of confocals is a
straight line.

Let the given line be
lx+my=mn (1.18)

and let the confocal be
72 y?

=1
PR S Y
If (h, k) be the pole of the line (1.18), with respect to the confocal (1.19), then the polar
of (h, k) with respect to (1.19) is identical with (1.18).

Now polar of (h, k) with respect to (1.19) is

hx n ky
a?+ X b2+

Comparing (1.18) and (1.20), we get

(1.19)

1. (1.20)

l(a*>+X)  mB*+X) n
Ao k1
, which gives a? + \ = ”Th,bQ + A= ”Ek
Eliminating A between these equations, we get sz — % = #

Therefore, the locus of the pole (h, k) of the given straight line is

a? —b?

Y
m n

9

=8

which is a straight line perpendicular to the given line.
Solved Examples

1. Find the conic confocal with the conic 2% + 2y? = 2, which passes through the point (1, 1).
Sol.: The equation of the given conic can be written as

22 P

T 1

5 T (1)

Then the equation of its confocal conic is given by

2 2

X )
=1. 2
51 A T (2)

Since (2) has to pass through the given point (1,1), we have

12 12
5 a T T

=1

—1+V5
5

which on simplifying gives A2+ X —1 =0, s0 A =
Putting the values of A above in (2), we get the required equation of confocal conics.
2 2 9.2 9
v + Y =1 or v + y =1
IR R R G 3+v5 1+£+5

2

On rationalizing the denominators and simplifying we get, (322 — 3?) £ V/5(y* — 22) = 2.
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[

2. Show that the confocal hyperbola through the point on the ellipse % + % = 1, whose
eccentric angle is «, is Cosza — Sigja =a® — b

Sol.: The equation of conic confocal to the given ellipse is

1,2 y2

PO WL PR

~ 1. (1)

Now we know that the co-ordinates of the point on the ellipse % - 4+ Y b2 = 1 having eccentric

angle 'a’ is (acos o, bsin ). Since the confocal (1) passes though the point (acosa, bsin ar),
we have

a’cos’a  b?sin?a

P W TN

On simplifying, we get
M+ Ma?sin? a + b? cos’ a) = 0

which gives A = 0, —(a%sin® a + b? cos? ).

A = 0 gives the original ellipse itself. On putting the value of A = —(a?sin® a + b? cos® @) in
(1), we get the required equation of confocal conic given by COS; — Sigja =a? -

. Show that the locus of the points of contact of the tangents through a fixed point (h, k) to
the system of conics confocal with the ellipse %3 -+ ‘ZQ =1, is the cubic curve
x y o a? — b?

y—k:+a:—h_hy—kx'

. Prove that two conics az? + 2haxy + by? =1 and a’a® + 21/ zy + b'y? = 1 can be placed so

as to be confocal if
(a—D)*+4h* (' —V')* +4h”

(ab _ h2)2 - (a’b’ _ h’2)2

Exercises

. Find the conic confocal with the conic 22 +9y? = 9, which passes through the point (3, 1).

. If the confocals through P(z1,y;) to the ellipse x—i + % = 1 are a2+/\ + b2 = 1 and
1;2

2 T b2+/\ = 1, then show that (i ) —I— w=1- A;;;, (i) 22 + y? — a® — b2 =\ + o
Also prove that the angle 6 between the tangents from P(x1,y;) to the ellipse is given by

2V — A1 \a
AL+ Ao

tan 0 =

Prove that the locus of the foot of normals drawn from a fixed point (h,k) on to the
system of conics confocal with the ellipse %3 -+ yQ =1, is the cubic curve
x y  a*=b

y—k+x—h_hy—kx'

Q4. Prove that the locus of the points lying on a system of confocal ellipses which have the

eccentric angle «, is a confocal hyperbola whose asymptotes are inclined at angle 2a.



