Module-II
Subject- Mathematics
Class & Year- B. Sc. I* year
Topic: Polar Equation of Conics
Keywords: Conics, Polar coordinates

By
Dr. Navin Kumar Jha
Assistant Professor
Department of Mathematics
Udai Pratap College, Varanasi
Email-id: jhajeeiitb@gmail.com
Mobile No.: +918853473352

Declaration: The content is exclusively meant for academic purpose and for enhancing the
teaching and learning. Any other use for economic /commercial purpose is strictly prohibited.
The user of the e-content shall not distribute, disseminate or share it with anyone else and
its use is restricted to advancement of individual knowledge. The information provided in this
e-content is authentic and best as per knowledge.

ol 8

Signature of content developer



Module 2: Polar Equation of Conics

1 Polar Coordinates

In a plane, we can determine the position of a point
P with respect to a fixed point O, called the pole, P(r,8)

and a fixed straight line OX, called the initial line.

We join P to O. If the length of OP is r and ZXOP r

(which is traced out by the line OP in revolving from

the initial line OX) is 6, then the polar coordinates (2 >
of P is given by (r,60). Here, r is called the radius o X
vector and 6 is called the vectorial angle of the
point P (see Figure 1).

The radius vector r is positive if it is measured
from the origin along the line bounding the vectorial angle; if measured in the opposite direction
it is negative. The vectorial angle 6 is positive, if it is measured in anti-clockwise direction
from OX and it is negative, if is measured in clockwise direction from OX.

The polar coordinates of a point are not unique as
in the Cartesian coordinates (see Figure 2). Adding
27 (or any multiple of 27) to the vectorial angle does
not alter the final position of the revolving line, so
(r,0) is always same point as (r, 0 + 2n7); where n is

Figure 1: Polar Coordinate

F(r,6) = (—r,0+w)
=(r,—(2r —8)) = (—r,—(r—8))

an integer. Also, adding 7 or any odd multiple of 7 7] »
. . / . (4] X

to the vectorial angle and changing the sign of radius T—

vector gives the same point as before. Thus, the point

(—r,0 4+ (2n + 1)7) is the same point as (—r,0 + ), P(r,0+m)=(-r,0)

i.e., is the point (r,0). = (r,—(6 — m)) = (—r, —(27 — 6))

If PO is produced to P’ so that OP = OP’' in __ ' .
magnitude, then the the coordinates of P’ are either Figure 2: Dlﬁerent repr(?sentatlons of
(r,0 + 1) ot (—r0). polar coordinates of a point

In general, taking into consideration the signs of
polar coordinates (as discussed above), it is easy to see that the same point is represented by
each of the following polar coordinates:

(r,0), (=, 0 +m),(r,—27 —0)),(—r,— (7 —0)).

Now, we are going to present some results regarding polar coordinates which would be used
in upcoming sections.

(i) Relation between Cartesian and Polar Coordinates:

Let P be any point whose Cartesian coordinates,
referred to rectangular axes, are (z,y), and whose po-
lar coordinates, referred to O as pole and OX as initial
line, are (r,0). Then, OP =r and ZMOP = 6. P(r,8) = (z,y)

Draw PM perpendicular from P to OX, so that
we have OM = x, M P = y (see Figure 3). 7

From AMOP, we have y

1"

PM — sing nd oM B 0 o T M A
_OP =S a _OP = COS

Figure 3: Cartesian and Polar Coordi-
nate



Yy . z
or = =sinf and — =cosf
r r

which gives
r=rcosf and y=rsind. (1.1)

and hence, r? =22 +3y?> and tanf = 2, that is,

r=+z2+y? and 0= arctan (%) . (1.2)
Using equations (1.1) and (1.2), we can transform the polar coordinates into the Cartesian
coordinates and vice versa.
(ii) Distance between two points whose polar coordinates are given:
Let P, and P, be two given points and let
their polar coordinates be (r1,6;) and (rq, 65) respec-

tively, so that, OP, = r,0P, = ry,/ZXOP, = Py{ra, )
01 and ZXOP, = 6, where O is the pole and OX
is the initial line. Then ZP,OP, = 05 — 6. Ta
Using cosine rule in the triangle OP; P, we have Pi{ry,64)
(see Figure 4) By =
1
OP2 + 0P} — PP} 1?+7r2—PP2 »
o8 4P10P2 B 20P1 . OP2 N 27"17“2 i

Figure 4: Distance between two given
which gives Py Py =1? + 13 — 2riry cos(fy — 0). points
Therefore, the required distance between the
points is given by

PP, = \/T% + 13 = 2rqro cos(fy — 601) (1.3)

(iii) Polar equation of a straight line:
We know that the general equation of a straight line in rectangular Cartesian coordinate
system can be written as
ar + by = 1.

Taking the origin as the pole and the positive z-axis as the initial line, the above equation, in
polar coordinates (using transformation equation (1.1)), becomes

[
— =acosf + bsind. (1.4)
r
If the straight line passes through the pole, then [ = 0 and (1.4) becomes a cos @ + bsinf = 0.
Above equation (1.4) is called the general equation of a straight line in polar coordinates.
It can also be written as
rcos(f — a) = p,

where cosa = a/va? + b, sina = b/va? + b? and p = /v a? + b2
Parallel and perpendicular lines: Since ax + by = [ and ax + by = [’ represent parallel
lines, therefore the lines

!/

1 =acosf +bsinf and — =acosf +bsind
r r

represent parallel lines in polar coordinates.
Again, since the line bx — ay = [’ is perpendicular to the line ax + by = [, the line perpen-
dicular to the line

{
— =acosf +bsinb
”



is given by

!/ !/
l— =bcosf —asinf or l— = @ cos <0+ Z) + bsin (0—|— E) .
r T 2 2
Therefore, the equation of any line perpendicular to the line (1.4) is obtained by writing (@ + %)
for 6 and changing [ to a new constant L.
(iv) Polar Equation of a straight line in normal form:
Let p be the length of the perpendicular OM from
the origin to the straight line, and let o be the angle
which this perpendicular makes with the initial line
OX as shown in Figure 6. Let P(r,0) be any point
on the required line. Then OP = r, ZXOP = 6. In M
triangle AOPM,

p F(r,8)
OP =r,/POM = a —6,0M = p. ) g
Now, < }X
COS ZPOM — O_M or COS(a _ 9) B E Flgure ot Stralght line in normal form
—or =

which gives  cos(ff — a) = 2.

Therefore, the required equation of straight line is
rcos(f —a) =p. (1.5)

Particular Cases:
Case (i). If the straight passes through the pole, then p = 0 and the equation (1.5) reduces
to rcos(d —a)=0 or, 6= constant.
Case (ii). If the straight line is perpendicular to the initial line, then o = 0 and the equation
of line reduces to  rcosf = p.
Case (iii). If the straight line is parallel to the initial line and is above it, then oo = /2 and
the equation of line reduces to  rsinf = p.
Case (iv). If the straight line is parallel to the initial line and is below it, then a =
—m/2 or 37/2 and the equation of line reduces to  rsinf = —p.
(v) Area of the triangle whose vertices have polar coordinates (r;,0;),i =1,2,3.
Let P,P,P; be a triangle whose vertices have polar
coordinates (r;,0;),7 = 1,2, 3 taken in order as shown in
Figure 6. Then, we have OP; = r{,OP; = 19,OP3 = 13 Py(rs,03) Py(rz,6;)
and 4XOP1 = 01,4XOP2 = 9274XOP3 = 03.
4P10P2 = 62 - QI,LPQOP;», = 93 - 02 and
/ZPOP; =65 — 0.
Now, we have (see Figure 6)

Py(ry,64)
area of AP, P, P; = area of AOP, P, + area of AOPPs £
—area of AOP, P; o X
But, Figure 6: Area of a triangle with
given vertices
1
area of AOPlpz = éOpl : OP2 sin P10P2

= 57“17"2 sin(02 — 91)



Similarly, area of AOP, Py = %T’QT{; sin(f3 — 03) and area of AOP,P3 = %7’17‘3 sin(fs3 — 01).
Therefore,

1 1 1
area of AP PPy = 57”17’2 sin(fy — 61) + 57’27’3 sin(f3 — 63) — 57’17“3 sin(f3 — 6;)
1
=5 (rirosin(fy — 01) + rorgsin(f3 — Og) + r3rysin(6y — 03)) . (1.6)

(vi) Polar Equation of a straight line passing through two given points:
Let A(ry,60;) and B(rg,02) be two given points and P(r,0) be any point on the line joining
the points A and B.
Now, the three points A, P and B lie on a straight line, the area of the triangle APB is
zero (see Figure 7).
rirgsin(fy — 61) + rrysin(f; — 0) + rrosin(@ — 6) =0 (using equation (1.6))
—> rrosin(fy — 61) = rrysin(@ — 60;) + rrosin(fy — 0).

Figure 7: Straight line through two given points

Dividing both sides by rrirs, we get

sin(0, < 61) _ sin(0 —61)  sin(6> —6) (1.7)

r T9 T

Equation (1.7)is the required equation of the straight line. One might reach to same result
by noting that, area of AAOB = area of AAOP + area of APOB.
(vii) Polar Equation of a Circle:
Let the radius of the circle be a and C(c, ) be its center. Take an arbitrary point P(r,6)
on the circle. Then we have OC = ¢, ZXOC = a,OP =1, ZXOP = 6.
ZPOC =0 —a.

Figure 8: Circle with center (C, «) and radius a



Using cosine formula in AOPC, we have

OP? 4+ 0C? — PC?

/POC =
o8 20P - OC
2., 2 _
cos(f —a) = r+e-a
2rc
Therefore, the equation of required circle is
r? + ¢ — 2rccos(f — a) = a”. (1.8)

Particular cases:

Case (i). If the circle passes through the pole, then we have ¢ = a and the equation (1.8)

reduces to

r = 2acos(f — ).

Case (ii). If the center of the circle lies on the initial line, then we have o = 0 and the equation

(1.8) reduces to

r2 — 2rccosf + ¢ —a® = 0.

Case (iii). If the pole be on the circle and also the initial line pass through the center of the
circle, then ¢ = a and a = 0. In this case, the equation of circle reduces to

r = 2acosf.

2 Polar Equation of Conics

2.1 Polar Equation of a Conic

(1) To find the polar equation of a conic with its latus rectum of length 2I, ec-

centricity e and the focus being the pole:

Let S be the focus of theconic which is being taken
as the pole. Let ZM be the directrix and A be the
vertex of the conic. Draw a perpendicular SZ from
S to the directrix, and take SZ (axis of conic) as the
positive direction of the initial line.

Let SLS"be the latus rectum of length 2/ so that
the semi-latus rectum SL = [, and let e be the eccen-
tricity of the conic.

Take any point P(r, ) on the conic. Then SP =r
and ZXSP =46.

Draw perpendiculars PM and LT to the directrix
from P and L, respectively. Also, draw perpendicular
PN from P to the initial line (axis). Then, we have
PM = NZ and LT = SZ (see Figure 9).

L

e e G e e S R T
: P(r,4) ja?
oo \
1

[
:S N A Z PX
1
1
1
LJ'

Figure 9: Conic: 7% =1+ ecosf

Since the points P and L are on the conic, therefore by the definition of a conic, we have

SP=¢-PM and SL=ce-LT (2.1)

From the first relation in above equation, we have

SP = e-NZ=e-(SZ—-SN)
= e-SZ—e-SPcost

or r = e-SZ —ercost



which gives
r(l1+ecosf)=e-SZ (2.2)

But using second relation in equation (2.1), we have
SL=e-5Z o I|l=e-57

Substituting this in (2.1), we get
r(1+ecosf) =1

Hence the polar equation of the conic is

l
- =1+ecosb. (2.3)
,

If the distance SZ between the focus S and the fixed line ZM is d, then [ = ed and the above
equation of the conic can be written as

d
e =1+ ecosb.
”

Remark 1: In the above derivation, we have taken
SZ (the direction directed from the focus towards the

directrix) as the positive direction of the initial line. M
However, if we take the positive direction of the initial 7 fececccaeaaas
line as Z.5, that is, opposite to the direction directed :L
from the focus towards the directrix (see Figure 10), E:
then the equation of the conic comes out to be = . -

[

- =1—ecosf (2.4)

r
In this case,

SP =_.e-MP=e:ZN =e-(Z5+SN) Figure 10: Conic: f: =1—ecosf
= e-(TL+ SPcosf)=e-LT +e-SPcost
This gives
r=I1l+ercos or —=1-—ecosh.
r

Corollary 1: If the conic is a parabola with latus rectum 4a, then e = 1 and [ = 2a, and the
equation (2.3) takes the form

a 6
=1 0 = 2cos? - = 2 -, 2.5
" + cos cos’y or T=asecy (2.5)

Corollary 2: If a be the vectorial angle of a point A on conic % = 1+ ecosd, then the radius

vector of A, say r4, will satisfy % = 1+ ecos a, which gives r4 = and therefore, the

l
l+ecosa?

l
l4+ecosa’

polar coordinates of point A may be written as ( a). This is also called the point 'a/.



(2) To find the polar equation of a conic with its focus being the pole and its axis
inclined at an angle o to the initial line:

Let S be the focus coinciding with the pole
and let SZ, the axis of the conic, be inclined at
an angle « to the initial line SX.

Consider a point P(r,#) on the conic. Draw
perpendiculars PM and PN from P on the di-
rectrix ZM and the axis SZ respectively.

Let SL(=[) be the semi-latus rectum of the
conic and LT (= SZ) be the perpendicular from
L to the directrix ZM (see Figure 11).

By the definition of a conic, we have

SP = e-PM
= e NZ (-PM=N2)
= e (SZ—-SN)=e-SZ—e-SN
e- LT —e-SPcos(f —a)
(- SZ = LT and SN = SPcos(§ —«))  Figure 11: Conic: L =1 +ecos(f - a)
or SP-(1+ecos(@—a))=e-LT=SL

This gives the required equation of conic as

r(1+ecos(fd —a))=1 or é =14 ecos(d — ), (2.6)

Note: Any result for the conic (2.6) can be obtained from the corresponding result for the
conic (2.3) by replacing 6 by 6 — «., i.e.,; by writing § — « for , 8 — « for 3 etc.

Particular Cases:

Case 1. If the axis SZ of the conic coincides with the initial line (that is, « = 0), then its
equation becomes 7% =1 + ecosf, which we have derived earlier as equation (2.3).

Case 2. If the positive direction of the axis is opposite to the that of the initial line (that is,
o = ), then the equation of the conic becomes L =1 — ecosf, (see Remark 1).

2.2 Equations of the Directrices of a conic

To find the polar equation of the directrices of the conic % =1+ ecosh.
Case 1. When conic is an ellipse:
Let S be the focus coinciding with the pole and ZM be the directrix of ellipse corresponding
to the focus S. Let P(r,0) be any point on the directrix ZM. Then SP =r and ZZSP = 0.
From APSZ (see Figure 12(a)), we have

SZ
Sp = cos@ or SZ = SPcosf = rcost

But, L being a point on ellipse, we have

SL:e~LT:e-SZorSZ:2:£
e e
Therefore,
[ l
rcosf =—- or — =ecosb, (2.7)

(& r



which is the required equation of the directrix ZM.

To obtain the equation of other directrix Z’M’ corresponding to the focus S’ (other than
the pole ), we consider any point P'(r’,6’) on it. Then SP" = v’ and ZZSP’' = ¢, and
therefore, /Z'SP' =7 —0'.

From AP'SZ',

SZ' = SP' cos(m —0") or SZ'=—r"cost. (*)
But in case of an ellipse
2 201 _ 2
l:b—:a< e):a(1—62)
a a
and therefore
2
Sz gz sz L2 L (cHN
e e e(l—e?) e e2—1)e

Putting this value of SZ’ in (*) above, we get

241\ 1 l 21
TCOSQZ(Zztl)E or ;:(Zzﬁ)ems@, (2.8)

which is the required equation of the directrix Z'M’.

L S T
i
i
P!{ri?gl} ! : P(T"g}
i
1
i
z g
(a) Directrices of an ellipse % =1+4ecosf. (b) Directrices of a hyperbola (c) Directrix of a
% =1+ ecosh. parabola % = 1-+cosé.

Figure 12: Directrices of a conic.

Case 2. When conic is a hyperbola:
Let ZM and Z'M’ be the directrices of hyperbola corresponding to foci S (which is also
the pole) and S’ respectively. Proceeding in same manner as described in Case 1 above, the
equation of ZM is obtained and is given by

=ecost (1)

l
,
For the equation of directrix Z'M’, take P'(r',6') on it. Then SP' =1/, LZZ'SP' = 0'.
From AP'SZ’ (see Figure 12(b)),

SZ'= SP cos@or SZ' =1r'cosl. (**)
But, in case of a hyperbola
b2 2002 _ 1
a a



and therefore

I 2
SZ::SZ+ZZZE+§

Lo e +1\1
e ee2—1) \e2—1)¢€

Putting this value of SZ’ in (**) above, we get

241\ 1 l 21
7’0059:(;1—1); or ;:(22+1)60089, (2)

which is the required equation of the directrix Z'M’.
(Note that the equations of directrices in case of ellipse and hyperbola are same.)

Case 3. When conic is a parabola:
In this case, we have a unique focus S and only one directrix ZM. Let P(r,8) be a point on Z M.
Then SP =r and ZZSP =60. We have, SZ = SPcosf = rcosf. Also, SZ = LT = SL = 1.
This gives, r cos @ = [ and therefore the equation of directrix ZM is given by

l

— = cos0.
,

Solved Examples

1: Show that the equations % =1+ ecosf and % = —1 -+ ecosf represent the same conic.
Sol.: The equations of given conics are

l
;:1+ecosé (1)

and — = —1+ecosé. (2)

)
r
). Since the point (r1,6;) can also be written as

Let P(ri,6;) be-a point on the conic (1
1) and so, we have

(—r1, 7= 61), therefore it also lies on (

— = l+ecos(m+6,)

l
— —— = 1l—ecosty — — = —1+ecosb,
1 1
which shows the point P(rq,6;) lies on the conic (2).
Again, if (r/,0’) is a point on (2), then

/
l [
— —— = l-ecost = — =1+ecos(nm+¥¢)
r —r

l
— = —1l+ecost
,

which shows that the point (—r/, 7 + 6’) lies on conic (1). But the point (r/,6’) is same as
the point (—', 7+ 6'). So, (r',0") also lies on conic (1).

Thus, we have shown that each point on conic (1) also lies on conic (2), and vice versa, and
therefore, conics represented by (1) and (2) are same.

10



2: In a conic, prove the following:
(i) the sum of the reciprocals of the segments of any focal chord of conic is constant.
(ii) the sum of the reciprocals of two perpendicular focal chords is constant.

Sol.: Let the equation of the conic be
l
- =1+ecosb. (1)
r

(i) Let PSP’ be any focal chord of conic such that the vectorial angle of P is a. Then the
vectorial angle of P" is m + a. Thus the polar coordinates of P and P’ are (SP,«) and
(SP',m+ «a) respectively (see Figure (a) below).

Y
A J

"+ )

(a) Focal chord PSP’ of conic (b) Perpendicular focal chords PSP’ and
QSQ’ of conic

Since P and P’ both lie on the conic, we have

— =1+ecosa and

P SPI:1+ecos(7T~|—oz):1—ecosa.

This gives

l l 1 1
= — = a constant,

spTsp 2 " SPTSP
which implies that the sum of the reciprocals of the segments of any focal chord of conic is
constant. The above result can also be expressed as " the semi-latus rectum is the harmonic
mean between the segments of a focal chord.”
(ii) Let PSP" and QSQ' be two perpendicular focal chords of conic (see Figure (b) above).
Then the vectorial angles of @, P and Q" are § + o, 7 + a and 37” + «a respectively.

Since P, @, P' and @' lie on conic, we have

l l
5P = 1+€COSO&,@:1+6COS<g+OA>:1—€SinOz,
: 1+ (m+a)=1 : 1+ 37T+ 1+ esi
= € cos a)=1—ecosa, — = ecos | —+a | = esin o
SP " ' 5Q 2
This gives
[ [ [ [
s P-——  _  9Q=— SP =~ 80 ="
1+ecosa’ ¢ 1—esina’ 1—ecosa’ @ 1+esina

11



Therefore,

l N l B 21
l+ecosa 1—ecosa 1—e2cos?a

[ l l
QQ' = 5Q +50' = ; X

- + - = -
—esina l4esina  1—e2sin®a

PP = SP+SP =

which shows that

1 1 1—e2cos2a 1-—e%sina 2—é2
= + = = a constant.

PP Q0 T 2 2 20

: Prove that the locus of middle points of focal chords of a conic is a conic of the same type.
Sol.: Let PS(Q be a focal chord of the conic

[
- =1+ecost, (1)
-

and a be the vectorial angle of P, then the vectorial angle of Q) will be 7 + a.

Since P and @ lie on the conic (1), we have

Sipzl—f—ecosaand@zl—kecos(ﬁ—i-oz):l—ecosa. (2)

Let R(r',0") be the middle point of the focal chord PSQ, then from Figure (13), ¢’ = a and
SP+SQ  SP—5Q

r = SR=SP—-PR=SP-—

2 2
1 l [ le cos a
2|14+ecosae 1—ecosa 1 — €2 cos2 o (using (2) )
Therefore,
, lecost’

=
1 —e2cos?2 @

Hence; the locus of R(r’, ') is the curve

lecos @

"1 — e2cos26)’ i.e., r*(1 — e*cos® ) + ler cos ) = 0.
— e? cos

r =

Transforming the above equation to Cartesian coordinates, we have
2 +y* — Pt +lex =0or (1 —e*)z® +y° +lex =0, (3)
which being a second degree equation in x and y represents a conic.
The equation (3) represents an ellipse, a parabola or a hyperbola according as
0?—(1—¢*)<,= or >0, thatis,e<,= or > 1.
Thus, the conic (3) is of the same type as the given conic (1).

: If PSQ and PS’R be two chords of an ellipse through the foci S and S’, then prove that
5—5 + g,‘% is independent of the position of point P.

Sol.: Let the equation of the ellipse, with focus S being the pole, be

l
- =1+ecosb. (1)
,

12



Let a be the vectorial angle of P, then the vectorial angle of () will be 7 4+ a.. Since P and
@ lie on the conic (1), we have

l
Sp = 1+ ecosa and 50 =1+ecos(m+a)=1—ecosa.
This gives
1 1 l4+ecosaa 1—ecosax 2 SP 2
= == 2 —Zsp-1. p
sP 50 z z Y 50T )
P
- >
! Figure 15
' : igure 15:
Figure 13: Figure 14: g

Similarly, for the focal chord PS’R, we have

S'P 2
=-SP-1. 3
S'R 1 3)
Adding (2) and (3), we get
Sp S'P 2
—— == (SP+5'P)-2.
5 "am 1SS
But for an ellipse, SP + S’P = 2a = length of major axis, therefore
P PS" 2 4
S_S + S’SIY% =7 (2a)— 2= Ta — 2 = a constant independent of « i.e. the position of P.

: A point P.moves, so that the sum of its distance from two fixed points S and S’ is constant
and equal to 2a. Show that P lies on the conic

a(l — e?)

=1—ecosfl

referred to S as pole and S5’ as initial line, SS” being equal to 2ae.
Sol.: Taking S as pole and SS” as initial line, let the polar coordinates of point P be (r,6).
Then SP =r and ZS'SP = 0.

Given that SS" = 2ae and SP + S'P = 2a, from ASPS’ in Figure (15), we have

SP? 4+ 5§57 — §'p?
cosf) =

25P - SS’
P4 (2ae)* — (2a —1)?
B 2r(2ae)
_ r?4da’e® —4da’? —r* +dar  a(e® — 1)+
B 4rae B re
ecos) = 1+ —a(e2r— D or —a(l ; <) =1—ecosb,

which is the required locus of P and is a conic.

13



6: A circle of diameter d passing through the focus of a conic, whose latus rectum is 2[, meets
the conic in four points whose distances from the focus are ry, 79,73, 74, then prove that

) d*1? 1 1 1 1 2
(i) AT = o (ii) 7’_1+r_2+7’_3+a:7'
Sol.: Taking the focus as pole and the axis of conic as initial line, the equation of conic is
l/r =14 ecosb. (1)
The equation of the circle passing through the focus may be taken as

r=dcos(f — «) = d(cosf cosa + sinfsin ), (2)

where d is the diameter of the circle and « is the angle which the diameter through the pole
makes with the initial line. Eliminating 6 from (1) and (2), we get

er er
2 2
or [r—l_rdcosoz} =d sin2a[1—<l_r)]
er er
or e’r* + (I — r)*d® cos® a — 2er®*(I — r)d cos a = d*sin® a [e*r? — (1 — r)?]

or e*rt + 2ed cos ar® + (d* — 2edl cos a — e*d* sin® &) — 21d*r + d*I* = 0,

which is an equation of degree four in r, and its roots give the focal distances ry, 12, 73,74
of four points of intersection of conic and circle: Hence, by theory of equation, we have

coeeficient of r B 21d?

119”3 + Tolgly + T1Taly == 1r3ryry = —

: (%)
: (%)

The relation (**) gives part (i). Diving the relation (*) by (**), we get
1 1 1 1 2
=

coeeficient of r* e2
coeeficient of 19 d?1?

and T1ToT3ry = : =
coeeficient of r* e2

— 4+ — =
1 T2 r3 (]

Exercises

Q1. If PSP and QSQ’ are two perpendicular focal chord of a conic, then prove that

1 1 .
PSSP + 05.50 18 constant.

Q2. A chord PQ of a conic whose eccentricity is e and semi-latus rectum [ subtends a right
angle at the focus 9, show that

1 1)’ (! e
SP 1 SQ 1)
Q3. Prove that the perpendicular focal chords of a rectangular hyperbola are equal.

(Hint: For a rectangular hyperbola, eccentricity e = v/2.)

Q4. Determine the nature, latus-rectum and eccentricity of the following conics:
(1)% =3—4cosh (il % =24+ +/3cosf +sinb

Q5. Find the point on the conic 174 = 3 — 8cos 0, whose radius vector is 2.
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