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Module 3: Polar Equation of Chords, Tangents
and Asymptotes of Conics

1 Equation of Chord of a Conic

To find the equation of the chord joining the points having vectorial angles o and
f on the conic l/r =1+ ecosf.
Let PQ@ be a chord of the conic I/r = 1 4 ecosf having ex-

tremities P and () with vectorial angles o and 5. Then the polar

coordinates of P and () are (1+elcosa’ a) and <m, 6) respec-

tively. Therefore, the equation of the straight line joining P and
@ is given by ()
sin(f — «) sin(f — «) N sin(8 — 0)
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or %sin(ﬁ —a) = [sin(f —«a) +sin(f — 0)]

+e[cos Bsin(f — a) + cos asin(f5 — 0)]

= 2sin P g < cos 20 —204 — 0 Figure 1: Chord PQ
+e [cos ((sin O cos a« — cos @ sin a) + cos a(sin B cos § — cos Fsin §)]

- QSiHB;aCOS (6’— a—;—ﬁ) + ecosfsin(f — «)

i.e., C— secﬁ — % cos (9 - Oé+ﬁ) + ecosb. (1.1)
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This is the required equation of the chord passing through two points whose vectorial angles

are o and f.
Alternative method: Let the equation of the chord P(Q be

ézacosé’—kbsinﬁ (i)
,

Since (i) passes through P and @, we have

l

l
S—P:acosa—i-bsina and@:acosﬁ—kbsinﬁ. (ii)

Also, as P and @ are points on the conic I/r =1 + ecos @, we have

[ l
— =1+ecosaand — =1+ ecosf (iii)

SP SQ
From (ii) and (iii), we have
(a —e)cosa+bsina=1and (a —e)cosf + bsin f = 1.

Solving for (a — e) and b, we get

sinf —sina  cos # 4 po SosQ—cos B sin a—;’B
a—e=— = an = — = :
sm(ﬁ — C() CcOS ﬁ%a sm(ﬁ — C() CcOSs ﬁfTa



Substituting these values in (i), the equation of the chord is given by
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Corollary 1: If the extremities of the chord of the conic [/r = 14 e cos § have vectorial angles
a+ 6 and a— 3, so that the sum of the angles is 2« and their difference is 25, then the equation

of chord becomes l
o= sec 3 cos(f — o) + ecosf.

Corollary 2: If the equation of the conic is [/r = 1 + ecos(f — ), then the equation of the
chord joining two points having vectorial angles o and [ is

I 8-« a+ 0
S =sec— cos(é’— 5 )—1—6005(0—7).

2 Equation of the Tangent to a Conic

To find the equation of the tangent to the conic [/r =1+ ecosf at a point having
vectorial angle «.

Let P be the given point on the conic with vectorial
angle av. On the conic take another point () having vectorial
angle 5. Then the equation of the chord PQ joining the
points P(«) and Q() is

lzsecﬂ_acos(G—OH_ﬁ)+ec059.

T 2 2

Now the tangent at P to the conic is the limiting position
of the chord PQ as ) — P, i.e., 8 — «. So taking the limit
of the equation of chord PQ as  — «, we get the equation
of the tangent at P as

[ i :
— =cos (0 — a) + ecosb. (2.1) Figure 2: Tangent P
r

Corollary 1: If the axis of the conic be inclined at an angle v to the initial line, so that the
equation of the conic is % = 1+ ecos (6 — ), then the equation of the tangent at the point "o/
is obtained by substituting o — v and 6 — 7 for o and € in (2.1). Therefore, the equation of
tangent at the point 'a/ is

l

— =cos (0 — a) + ecos(f — 7).

,
Corollary 2: The equation of tangent (2.1) may be written as £ = (e+cos a) cos 0 +sin asin 6,
which on transforming in Cartesian coordinates become (e + cosa) = +sina y = [.
(e + cos a)

the slope of tangent to the conic at the point ‘o’ is  — -
sin «v



2.1 Condition of Tangency

To find the condition so that the line [/r = acosf + bsinf may touch the conic
L=1+ecos(f—7).

Let the given line touches the given conic at the point ‘a’. Then, its equation must be
identical with the equation of the tangent at point ‘o’ to the given conic.
Now, the equation of the tangent at point ‘e’ to the given conic is

=cos (f — o) +ecos(d — )

or

S|~ |~

= (cosa + ecosy) cosf + (sina + e sin ) sin 6

Comparing with the equation of given line, we have
cosa+ecosy=a and sina+esiny=>b
Eliminating o between above equations, we get

1 = cos’a+sin*a = (a — ecosv)? + (b — esiny)?
or a® +b* — 2e(acosy + bsiny) + (e* — 1) = 0. (2.2)

This is the required condition of tangency.
Corollary: If the equation of the conic is é = 1+ ecosf, then the condition of tangency is
obtained by putting v = 0 in (2.2) and becomes

(a—e)*+b* =1

2.2 Point of intersection of tangents

To find the point of intersection of the two tangents at the points P(a) and Q([)
on the conic l/r =1+ ecosf.
The tangents at P(«) and Q(3) are given by

[
— =ecosf + cos(f — ), (1)
,

l

— =ecosf + cos(f — ). (2)
,

Let R(p, ¢) be the point of intersection of tangents at P and (). Then we have

é:ecosqb—l—cos(gzﬁ—oz) and é:ecosgzﬁ—i-cos(gb—ﬁ) (3)

which gives ecos ¢ + cos(¢p — a) = ecos ¢ + cos(p — f3)
ot cos(¢—a)=cos(p—fB) or (—a)==%(p—f).

Since a # B, therefore we get (¢ —a)=—(p—p) or ¢= #
Putting this value of ¢ in one of the relations in (3), we get

%:ecos (a;—ﬁ) —+ cos (ﬁ;a)
n

Hence the point of intersection (p, ¢) is given by

¢_a;tﬁ and é—ecos(a;/g)—ircos(B;a).




3 Equation to the Asymptotes of a conic

To find the equation of the asymptotes of the conic l/r =1+ ecosf.
Let (p, @) be a point on the conic [/r = 1 + e cos 6, then

l
—=1+ecosa. (1)

P
The equation of the tangent to the conic at the point (p, @) is

[

— = cos(f —a) + ecosb (2)

,
By the definition of asymptote, we know that an asymptote is the limiting position of a tangent
as the point of contact tends to infinity. Hence (2) will tend to an asymptote if the point of
contact tends to infinity, that is, p — oo.

Now as p — oo, from (1), we have 0 =1+ ecos«, which gives
1 ez —1

cosay=—— and sina ==+
e e

Equation (2) can be written as

= (e+ cosa) cosf + sina sinf

o 3|~

sin «¢ in above equation, we get

3 _
= (e— 1) cosf + (6—1) sin 6
e e

= (e —1)cosf & Ve2 — 1siné. (3.1)

Putting the values of cosa an

or

S| s~

These are the required equation of the asymptotes to the conic which are real only when e > 1.
Solved Examples

Example 1. Let PSQ be a focal chord of the conic [/r = 1+ ecosf. Then show that

(a) the tangents at P and () intersect on the corresponding directrix,

(b) the angle between the tangents at P and @Q is tan™! (%), where « is the angle between
chord and the axis of the conic.

Solution. (a) Let the conic be [/r = 1 + ecosf. The axis of this conic is the initial line and
the focus is pole. Since the focal chord PS(@ makes angle o with the axis, the vectorial angles
of P and @ are o and 7 + « respectively. Therefore, the equations of the tangents at P and
are respectively,

L cos(f — a) + ecosb (1)
r

and ;:cos(9—7r—a)+ec:050:—cos(@—a)+ecos€ (2)

If these tangents intersects in a point T'(p, ¢), then
[ l
—=cos(¢p —a)+ecosp and — = —cos(¢p— a)+ ecoso,
p p

which gives % = +ecos ¢, implying that 7' lies on the directrix 7% = +ecosf.

bt



(b) If m; and my be the slopes of the tangents at P and @, then

€+ cosa € — COs
m=-————— and mo=—""——"—""
sin o sin «

If v is the angle between the tangents at P and (), then we have

e—Ccos e+cos o
tanw — Mgy — Ny _ sin + sin « —
1 e—cos« __ efcosa 1 — 2
+ mom, 1+ . e

sin « sin «

Therefore, ) = tan~! (%)

Example 2. (Auxiliary circle) Prove that the equation to the locus of the foot of perpen-
dicular drawn from focus of the conic I/r =1+ ecosf on a tangent to it is

(1 —e*)r? + 2elr cos — 1> = 0.

Solution. The equation of tangent at a point ‘o’ on the given conic is

l
— = cos(f — a) + ecos@. (1)
,
The equation of the line perpendicular to this tangent line is given by
L
— = cos <9+E—0z> + ecos <9+z)
r 2 2

If this line passes through the pole (focus), then L = 0. Hence, the equation of the perpendicular
from the focus to the tangent is

sin(f —a) +esinf =0 (2)

The foot of perpendicular from the focus to the tangent is obtained by the intersection of (1)
and (2). Therefore, the required locus is obtained by eliminating o between (1) and (2), and
given by

2
<£ — ecos 9) + (—esinf)? = cos*(0 — ) +sin*(0 —a) =1

”
> 2

or —2——€COS9+62 =1
r r

or (1 —e?)r? + 2elrcosd — 1> = 0.

This locus represents a circle, when 1 — e? # 0, that is when the conic is not a parabola. This
circle is known as the auxiliary circle of the conic. When e = 1, the locus becomes

l
= 2cosf + cos(f — 0) + cosb,

which is the equation of the tangent at the vertex of the parabola.
Example 3. (Director circle) Prove that the locus of the point of intersection of perpen-
dicular tangents of the conic [/r =1+ ecosf is

(1 —e*)r? + 2elr cos ) — 21> = 0.

Solution. The equations of the tangents at the points ‘a’ and 'S’ of the given conic are

l l
— =cos(f —a)+ecosf and — =cos(f— )+ ecosh. (1)
r r



If (7', 0") be the point of intersection of two tangents in (1), then

9’:a+6 and i:cos<oz_ﬂ>—l—ecos(oH—B). (2)

2 T’ 2 2

The slopes of the tangents in (1) are (—m) and <—M) Therefore, the tangents in

sin o sin 8

(1) will be perpendicular to each other, if the product of their slopes is —1, that is,

e + cosa e+cosf) ]
sin «v sin 3 n

or (e 4+ cosa)(e+ cosB) +sinasin f =0
or e + e(cosa + cos B) + cos(a — ) =0
or e + 2e cos (a—;ﬁ> cos (a;ﬁ) + 2 cos® (OZT_B) —-1=0

Using (2) in above equation,we get

l l 2
e? — 1+ 2ecost (—/ —ecosﬁ') +2 (—/ —ecos@’) =0

r r
or (1 — €)' + 2ler’ cos @ —21* =0

Therefore, the locus of (17,6'), the point of intersection of perpendicular tangents, is
(1 —e*)r? + 2ler cos§ — 21> = 0.

When 1 — €2 # 0, that is when the conic is not parabola, this locus represents a circle called
the director circle of the conic. If e = 1, the conic is a parabola and the locus reduces to
% = cosf, which is the directrix of the parabola. Hence the locus of the point of intersection
of perpendicular tangents to a parabola is its directrix.

Example 4.

Solution.

Example 5. Prove that the portion of the tangent intercepted between the conic and the
directrix subtends a right angle at the corresponding focus.

Solution.

Example 6. If PQ is the chord of contact of tangents drawn from a point 7" to a conic with
focus S, then prove that

(i) SP-SQ = ST?, if the conic is a parabola;

(ii) ﬁ — o = Gsin® 2L 25  if conic is a central conic and b is its semi-minor axis.
Solution.

Example 7. Two equal ellipses of eccentricity e are placed with their axes at right angles and

have a common focus S. If PQ is a common tangent to the two ellipses then prove that the

/PSQ = 2sin~" (7§>

Solution.

Example 8. Show that the two conics l;/r = 1 + e;cosf and ly/r = 1 + ez cos(6 — a) will
touch one another if I3(1 — e3) + 13(1 — e%) = 2l1l3(1 — ejez cos ).

Solution.

Example 9. A chord of a conic subtends a constant angle at a focus of the conic. Show that
the chord touches another conic.

Solution.

Example 10. Prove that two points on the conic I/r = 1 + e cos # whose vectorial angles are

7



a and [ respectively will be the extremities of a diameter if g = tan § - tan §

Solution.

Example 11. A focal chord PSP’ of an ellipse is inclined at an angle o to the major axis.
Show that the perpendicular from the focus on the tangent at P makes an angle

sin «v
tan <—> with the axis.
e + cos

Solution.
Example 12. A conic is described having the same focus and eccentricity as the conic [/r =
1+ ecos®, and the two conics touch at the point § = «. Prove that the length of its latus
rectum is

20(1 — €?)
e2+2ecosa+1’

. . _ e+ cos o
and that the angle between their axes is 2tan™" (——) .

sin o

Solution.
Example 13. If the chord of a conic subtends angle 2a on its focus, then prove that the locus
of that point of chord, where bisector of angle 2a: meets, is

lcos

=1+ ecosacosh.
r

Solution.

Example 14. Prove that the conic (parabola) 2 = 1 + cosf and the conic (parabola)
27“ = 1 — cos @ intersect orthogonally.

Solution.

Example 15. A tangent drawn from a point P on to the conic % = 1+ ecos f make angle
on the focus S. Prove that the locus of mid point of SP is a conic having eccentricity e sec f3.
Solution.

Example 16. Two conics have a common focus. Then, two of their common chords will pass
through the point of intersection of their directrices.

Solution.

Example 17. find the equation of the circle circumscribing the triangle formed by tangents
at three given points of parabola % =1+ cos¥f.

Solution.



